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of level n. As Serre pointed out, an imaginary quadratic ﬁeld of
class number one gives rise to an integral point on Y+ns(n) for
suitably chosen n. In this note, we give a genus formula for the
modular curves X+ns(n) and we give three new solutions to the
class number one problem using the modular curves X+ns(n) for
n = 16,20,21. These are the only such modular curves of genus
 2 that had not yet been exploited.
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1. Introduction
For a positive integer n, let X(n) denote the compactiﬁed modular curve classifying isomorphism
classes of elliptic curves with full level n structure. Let H be a subgroup of GL2(Z/nZ) such that
det H = (Z/nZ)× . Then the corresponding modular curve XH , deﬁned as the quotient X(n)/H , is geo-
metrically connected over Q. In this paper, we consider the special case when H is equal to a non-split
Cartan subgroup or the normalizer of a non-split Cartan subgroup of GL2(Z/nZ), and we denote the
corresponding modular curves by Xns(n) and X+ns(n) respectively. We let Yns(n) and Y+ns(n) denote the
corresponding open non-cuspidal loci.
The modular curve X+ns(n) plays a crucial role in the history of the class number one problem. In
1988, Serre pointed out in [12] that an imaginary quadratic ﬁeld of class number one gives rise to
an integral point on Y+ns(n) for suitably chosen n. He also mentioned that, in fact, the solutions by
Heegner [8] and Stark [16] of the class number one problem can be viewed in this way as the deter-
mination of the integral points of Y+ns(24). Later, following Serre’s approach, Kenku gave a solution in
[9] by using X+ns(7) and Chen gave a moduli interpretation of Siegel’s proof [14] using X+ns(15) in [4].
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more independent solutions of the class number one problem.
In this approach, it is important to choose the modular curve X+ns(n) with an appropriate genus
and number of cusps. These should be small enough to be able to write down an equation for the
modular curve and large enough so that Y+ns(n) has only ﬁnitely many integral points. For example,
for n = 15 and 24 the modular curve X+ns(n) is a genus 1 curve with two cusps while for n = 7 and
9 it is a genus zero curve with three cusps. Therefore, by Siegel’s theorem for these values of n the
curves Y+ns(n) have only ﬁnitely many integral points. The following is the main result of this paper.
Main result. We ﬁnd genus formulas for the modular curves Xns(n) and X+ns(n). We determine the
integral points on X+ns(n) for n = 16,20,21. In this way the integral points of all modular curves
X+ns(n) with genus  2 have been determined.
In Section 2 we introduce non-split Cartan subgroups and their normalizers. In Section 3 we study
the modular curves associated to these subgroups. In Section 4 we discuss a moduli interpretation
of the class number one problem. Sections 5 and 7 contain the main result. In Section 7, we give a
genus formula for the modular curve X+ns(n) (Theorem 7.3). We calculate in Table A.1 in Appendix A
the genus and the number of cusps of X+ns(n) for n 70. In Section 5 we determine equations of the
modular curves X+ns(n) and integral points of Y+ns(n) for n = 16,20 and 21, thus providing three new
solutions to the class number one problem. In the same section we also show that in this way the
integral points of all curves X+ns(n) of genus  2 have been determined. Only for n = 13 the curve
X+ns(n) has genus 3. See [2] for a discussion of this curve. In Section 7, we also obtain a genus formula
for the modular curve Xns(n) (Theorem 7.2).
2. Non-split Cartan subgroups and their normalizers
Let n be a positive integer. In this section, we introduce non-split Cartan subgroups Cns(n) of
GL2(Z/nZ) and their normalizers C+ns(n). Let A be a ﬁnite free commutative Z/nZ-algebra of rank 2
with unit discriminant. Let p be a prime divisor of n. By Galois theory, the Fp-algebra A/pA is either
equal to Fp × Fp or Fp2 . In the ﬁrst case A is said to be split at p and in the second case A is said
to be non-split at p. The multiplicative group A× of A acts on A by multiplication. By choosing a
Z/nZ-basis for A, the unit group A× embeds into GL2(Z/nZ).
Deﬁnition 2.1. A Cartan subgroup of GL2(Z/nZ) is a subgroup that arises as the image of such a group
A× in this way. If moreover A is non-split at p for every prime p that divides n, then the subgroup
is called a non-split Cartan subgroup.
Since the non-split Cartan subgroups of GL2(Z/nZ) just depend on the basis that we choose for A,
all the non-split Cartan subgroups of GL2(Z/nZ) are conjugate, and so are their normalizers. We now
construct a non-split Cartan subgroup of GL2(Z/nZ). Suppose n has the prime factorization
n =
∏
p prime
pr(p).
Take a quadratic order R with discriminant prime to n and suppose that every prime p in the fac-
torization of n is inert in R . By Dirichlet’s theorem on primes in arithmetic progressions, there are
inﬁnitely many such orders. The algebra A = R/nR is a ﬁnite commutative Z/nZ-algebra of rank 2
with unit discriminant. The order R admits a Z-basis of the form {1,α} where α is a zero of the
monic irreducible polynomial X2 − uX + v ∈ Z[X]. Then A = R/nR admits {1,α} as a Z/nZ-basis. The
group (R/nR)× embeds into GL2(Z/nZ) through its regular representation and the image is a non-split
Cartan subgroup.
Notation 2.2. We denote the non-split Cartan subgroup of GL2(Z/nZ) deﬁned by the group (R/nR)×
by Cns(n).
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which is equal to
n2
∏
p prime
p|n
(
1− 1
p2
)
. (2.1)
Now we describe the normalizer of Cns(n) in GL2(Z/nZ). For every prime p that divides n, there exists
a unique ring automorphism σp of R/nR such that
σp(α) ≡ u − α
(
mod pr(p)
)
,
σp ≡ identity map
(
mod n/pr(p)
)
. (2.2)
By using the Z/nZ-basis {1,α}, we represent σp by an element Sp of GL2(Z/nZ). The ring auto-
morphisms σp have order 2 and they commute, and so do the matrices Sp . We have the following
proposition.
Proposition 2.3. The group C+ns(n) is equal to the group 〈Cns(n), Sp for p | n〉.
Proof. Let n =∏p prime pr(p) . First, we determine the normalizer of Cns(pr(p)) in GL2(Z/pr(p)Z). Let k
be an element of the normalizer of Cns(pr(p)). Then, there is a group automorphism
tk : Cns
(
pr(p)
)→ Cns(pr(p))
given by tk(z) = kzk−1 for every z ∈ Cns(pr(p)). Identifying Cns(pr(p)) with the multiplicative group
(Z/pr(p)Z)[α]× , the map tk extends to a ring automorphism of (Z/pr(p)Z)[α]. Since α is a zero of the
polynomial X2 − uX + v , so is tk(α). By Hensel’s lemma, tk(α) is either α or u − α. Thus, if tk is not
the identity map, it is induced by the ring automorphism σp of (Z/pr(p)Z)[α] as deﬁned in (2.2). The
map σp on (Z/prZ)[α]× corresponds to conjugation by Sp on Cns(pr(p)). Thus, for every z ∈ Cns(pr(p))
we have either
kzk−1 = z or kzk−1 = S−1p zSp .
This shows that either k or Spk commutes with Cns(pr(p)). The group Cns(pr(p)) is equal to its own
centralizer in GL2(Z/pr(p)Z). Thus, either k ∈ Cns(pr(p)) or k is in the nontrivial coset of Cns(pr(p)) in
the group 〈Cns(pr(p)), Sp〉. Hence, the normalizer of Cns(pr(p)) in GL2(Z/pr(p)Z) is
〈
Cns
(
pr(p)
)
, Sp
〉
.
Therefore, by the Chinese Remainder Theorem, we conclude that C+ns(n) is
〈
Cns(n), Sp for p | n
〉
.
Hence, the proposition follows. 
We have a short exact sequence
1 → Cns(n) → C+ns(n) → 〈Sp for p | n〉 → 1.
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order of the normalizer of a non-split Cartan subgroup is
n22ν
∏
p prime
p|n
(
1− 1
p2
)
. (2.3)
3. The modular curves associated to Cns(n) and C
+
ns(n)
In this section, we introduce the modular curves associated to the subgroups Cns(n) and C+ns(n)
of GL2(Z/nZ). Let X(n) denote the compactiﬁed modular curve classifying isomorphism classes of
elliptic curves with full level n structure. Its non-cuspidal points correspond to isomorphism classes
of pairs (E,ϕ) where E is an elliptic curve over C and ϕ : E[n] → Z/nZ× Z/nZ is an isomorphism of
groups. Here two pairs (E,ϕ) and (E ′,ϕ′) are isomorphic if there is an isomorphism of elliptic curves
f : E → E ′ such that the following diagram commutes:
E[n] ϕ
f
Z/nZ× Z/nZ
E ′[n] ϕ
′
Z/nZ× Z/nZ.
The modular curve X(n) has an action by GL2(Z/nZ) which is deﬁned over Q. For an element M ∈
GL2(Z/nZ) and an element (E,ϕ) ∈ X(n), we deﬁne the action of GL2(Z/nZ) on the non-cuspidal
points of X(n) as
M · (E,ϕ) = (E,M ◦ ϕ).
This action extends uniquely to X(n). Let H be a subgroup of GL2(Z/nZ) such that det(H) = (Z/nZ)× .
The quotient XH = X(n)/H is a projective non-singular curve which can be deﬁned over Q. It is iso-
morphic as a Riemann surface to H∗/ΓH where ΓH is the subgroup of SL2(Z) whose elements are
congruent modulo n to an element in H ∩ SL2(Z/nZ) and H∗ denotes H ∪ P1(Q) where H is the
complex upper half plane. The non-cuspidal points of XH correspond to isomorphism classes of pairs
(E, [ϕ]H ) where E is an elliptic curve over C and [ϕ]H is an H-equivalence class of isomorphism
ϕ : E[n] → Z/nZ× Z/nZ. There is a natural morphism XH → X(1) given by forgetting the level struc-
ture.
Deﬁnition 3.1. We deﬁne
Xns(n) := X(n)/Cns(n),
X+ns(n) := X(n)/C+ns(n).
The modular curves Xns(n) and X+ns(n) are called the modular curves associated to Cns(n) and C+ns(n)
respectively. Their open non-cuspidal loci are denoted by Yns(n) and Y+ns(n).
There are natural ﬁnite morphisms φ1, φ2
Xns(n)
φ1→ X+ns(n)
φ2→ X(1).
By Proposition 2.3, the degree of φ1 is 2ν where ν is the number of prime divisors of n and the
degree of φ2 is
nϕ(n)
2ν .
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XH ′ as a curve over Q. In particular, the modular curves associated to any non-split Cartan subgroup
(resp. the normalizer of a non-split Cartan subgroup) of level n are isomorphic to Xns(n) (resp. X+ns(n))
over Q.
Remark 3.3. For even n we have natural covering maps
X+ns(n) → X+ns(n/2) → X(1)
deﬁned over Q. When n ≡ 2 (mod 4), the degrees of the covering maps from X+ns(n) to X(1) and
from X+ns(n/2) to X(1) are the same (see Section 6). As a result, the curves X+ns(n) and X+ns(n/2) are
isomorphic over Q.
4. A modular interpretation of the class number one problem
In this section, following Serre, we show that an imaginary quadratic ﬁeld of class number one
gives rise to an integral point on a modular curve Y+ns(n) associated to the normalizer of a non-split
Cartan subgroup of GL2(Z/nZ) for a suitably chosen integer n.
The modular curve X+ns(n) is a projective non-singular curve which can be deﬁned over Q. Hence
we can talk about the Q-rational points of X+ns(n) and the Z-integral points of Y+ns(n). The cusps of
X+ns(n) are deﬁned over the maximal real subﬁeld of Q(ζn) and they are all Q-conjugate [12, p. 195].
Here, ζn is a primitive nth root of unity. Thus, for n = 5 and n  7 the rational points of X+ns(n) are
non-cuspidal. Now, we determine the conditions for a Q-point of Y+ns(n) to be a rational or even
an integral point. The Galois group Gal(Q/Q) acts on the Q-points of the modular curve X(n). For
σ ∈ Gal(Q/Q) and (E,ϕ) ∈ Y (n)(Q) the action is given by
σ(E,ϕ) = (Eσ ,ϕ ◦ σ )
where the elliptic curve Eσ is given by the scalar extension along σ : Q → Q and ϕ is a group
isomorphism E[n]  Z/nZ × Z/nZ. Here, E[n] is the group of n-torsion points of E(Q). If E is de-
ﬁned over Q, then the Galois group Gal(Q/Q) also acts on E[n](Q) and this gives a homomorphism
Gal(Q/Q) → Aut(E[n]). Identifying Aut(E[n]) with GL2(Z/nZ) using the group isomorphism ϕ , we ob-
tain a Galois representation
ρn : Gal(Q/Q) → GL2(Z/nZ).
Let (E,ϕ) be a Q-point on the curve Y+ns(n). It is a C+ns(n)-orbit of a point (E,ϕ) ∈ X(n)(Q). The point
(E,ϕ) is rational when its C+ns(n)-orbit is preserved by the action of Gal(Q/Q); that is, when for every
σ ∈ Gal(Q/Q) there exists Mσ ∈ C+ns(n) such that
(
Eσ ,ϕ ◦ σ )= (E,Mσ ◦ ϕ).
This equality implies that E is deﬁned over Q such that the image of Gal(Q/Q) under ρn is in the
group C+ns(n). Thus, a non-cuspidal Q-point (E,ϕ) of X+ns(n) is rational precisely when E is deﬁned
over Q and ρn(Gal(Q/Q)) ⊂ C+ns(n). A rational point (E,ϕ) of Y+ns(n) is integral precisely when j(E) is
an integer (see [12, p. 195]).
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Cl(O ) and the class number by h(O ). We deﬁne the set Ell(O ) by
Ell(O ) = {elliptic curves E/Cwith endomorphism ring End(E)
∼= O }
isomorphism over C
.
For any invertible ideal a in O , the quotient C/a deﬁnes an elliptic curve with endomorphism ring
End(E) ∼= O . Then, we have the map
ψ : Cl(O ) → Ell(O ),
deﬁned as ψ(a) = C/a for a ∈ Cl(O ). This map is a bijection [15, Chap. 2]. Every elliptic curve with
complex multiplication can be deﬁned over Q. Up to Q-isomorphism, there are h(O ) elliptic curves
over Q with complex multiplication by O . Thus, if h(O ) = 1 then there is an elliptic curve E/Q, unique
up to Q-isomorphism, with complex multiplication by O . Since for every σ ∈ Gal(Q/Q), the curve Eσ
is also an elliptic curve with complex multiplication by O , we have j(E) ∈ Q. It is well known that
the j-invariant of an elliptic curve over a number ﬁeld with complex multiplication is an algebraic
integer (see [15, Chap. 2, Section 6]). Hence, if an elliptic curve E has complex multiplication by an
imaginary quadratic order of class number one, then j(E) ∈ Z.
Proposition 4.1. Let K be an imaginary quadratic ﬁeld of class number one. Let n be a positive integer such
that every prime p that divides n is inert in K . Then any elliptic curve with CM by K gives rise to a unique
integral point on Y+ns(n).
Proof. Let K be an imaginary quadratic ﬁeld of class number one. Let R be its ring of integers. There
exists an elliptic curve E over Q, unique up to Q-isomorphism, with complex multiplication by R .
Thus, j(E) ∈ Z. Let n be a positive integer such that every prime p that divides n is inert in R . Choose
a group isomorphism ϕ : E[n] → Z/nZ×Z/nZ. With this isomorphism we identify the group Aut(E[n])
with GL2(Z/nZ). It remains to show that the image of the continuous homomorphism
ρn : Gal(Q/Q) → GL2(Z/nZ)
which arises by the action of Gal(Q/Q) on E[n] is inside C+ns(n). The quotient R/nR is a com-
mutative free Z/nZ-algebra of rank 2 with unit discriminant. There is a natural ring homomor-
phism φ : R → End(E[n]) which factors through an injective map φ′ : R/nR → End(E[n]). Identifying
Aut(E[n]) with GL2(Z/nZ) we see that the image φ′((R/nR)×) is a non-split Cartan subgroup C+ns(n)
of GL2(Z/nZ). Now consider the map ρn . Let G and N denote the image under ρn of Gal(Q/Q) and
Gal(Q/K ) respectively. The group G does not commute with the group Cns(n) inside GL2(Z/nZ), be-
cause the complex multiplication R of the elliptic curve E is not deﬁned over Q. But as it is deﬁned
over K , the group N commutes with the group Cns(n) inside GL2(Z/nZ). Since the centralizer of Cns(n)
inside GL2(Z/nZ) is itself, the group N is a subgroup of Cns(n). Hence the image group G is contained
in C+ns(n) as promised. Therefore, (E,ϕ) is an integral point on Y+ns(n) and the proposition follows. 
In an imaginary quadratic ﬁeld K with discriminant d and class number 1, all primes less than
1+|d|
4 are inert; see [12, p. 190]. Hence, for a ﬁxed n every elliptic curve over Q with CM by K with
d 4p where p is the largest prime dividing n, gives rise to an integral point on Y+ns(n).
Remark 4.2. The case p = 3 is special because in GL2(F3), the normalizer of a split Cartan subgroup
is contained in the normalizer of a non-split Cartan subgroup. Hence, the weaker condition that 3 is
unramiﬁed in an imaginary quadratic order of class number one is enough to give rise to an integral
point on Y+ns(3).
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In this section, we give three solutions to the class number one problem following Serre’s approach
by ﬁnding the integral points of the modular curves Y+ns(16), Y+ns(20) and Y+ns(21). In order to do this,
we will make use of certain results which will be proved in the following sections.
As we mentioned in the introduction, in order to be able to solve the class number one problem
using Serre’s approach, we should choose the modular curve X+ns(n) with an appropriate genus and
number of cusps. In the following two sections we derive a genus formula g+(n), for a positive integer
n such that n ≡ 2 (mod 4). See Theorem 7.3. By Corollary 7.4, we see that g+(n) > 3 when n > 70 and
n ≡ 2 (mod 4). We compute the genus of this modular curve for n 70 (see Table A.1 in Appendix A).
By Remark 3.3, when n ≡ 2 (mod 4), the modular curves X+ns(n) and X+ns(n/2) are isomorphic over Q.
Thus, we get that the modular curves X+ns(n) with
– genus 0 and at least 3 cusps are the ones with n = 7,9,
– genus 1 and at least 1 cusp are the ones with n = 11,15,21,24,
– genus 2 are the ones with n = 16,20,
– genus 3 is the one with n = 13.
As we explained in the introduction, for all n in the above list except when n = 13,16,20 and 21 the
integral points of Y+ns(n) have been determined. An equation of the modular curve X+ns(13) over Q is
given in [2]. In this section, we consider the cases n = 16,20, and 21.
The function ﬁeld Q(X+ns(20)) of the modular curve X+ns(20) is the compositum of the function
ﬁelds Q(X+ns(4)) and Q(X+ns(5)) of the modular curves X+ns(4) and X+ns(5) respectively. Consider X(1)
as H∗/SL2(Z). Identify ρ = e2π i/3, i and ∞ ∈ H∗ with their images in X(1). The natural covering map
from X+ns(4) to X(1) is a degree 4 map. By Proposition 7.10 we see that this map branches above the
points ρ , i, ∞ as follows: two points ρ1 and ρ2 above ρ ∈ X(1) with ramiﬁcation indices 1 and 3
respectively, three points above i ∈ X(1) with ramiﬁcation indices 1, 1, 2 and one point over ∞ ∈ X(1)
with ramiﬁcation index 4. We choose a uniformizer t for X+ns(4) over Q such that t(∞) = ∞, t(ρ1) = 1
and t(ρ2) = 0. Thus, we obtain the equation j = ct3(t − 1) for X+ns(4). Here j, the usual j-function,
is a uniformizer for X(1) over Q and c is some constant. Since there are three points above i ∈ X(1)
with ramiﬁcation indices 1, 1, 2, we see that the polynomial cT 3(T − 1) − j(i) = cT 3(T − 1) − 1728
in Q[T ] has double roots. Thus, we obtain that c is equal to −214 and we have
j = −214t3(t − 1). (5.1)
In [4] using the same methods, it is shown that an equation of the modular curve X+ns(5) is given by
j = 5
3v(2v + 1)3(2v2 + 7v + 8)3
(v2 + v − 1)5 . (5.2)
Here j is as above and v is a uniformizer for X+ns(5) over Q. We combine Eqs. (5.1) and (5.2) and
homogenize the new equation that we obtain, say with the variable u. Then we make the following
change of variables
v → 1
w
,
t → −40w
3 − 115w2 − 80w − 20
s(16w2 − 16w − 16) ,
u → u
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The rational points of X+ns(20).
Rational solution (x, y) of (5.3) j-invariant discriminant d
(−2,0) 0 −3
(−3/4,−25/32) 0 −3
one point at ∞ 0 −3
(0,−2) −3 · 21553 −27
(0,2) −2183353 −43
the other point at ∞ −2153353113 −67
(−3/4,25/32) −2183353233293 −163
Table 5.2
The rational points of X+ns(16).
Rational solution (x, y) of (5.4) j-invariant discriminant d
(2,7) 0 −3
(2,−7) 0 −3
(0,0) 0 −3
(1,−2) −215 −11
(−1,2) −21533 −19
(−1,−2) −3 · 21553 −27
point at ∞ −2183353 −43
(1,2) −2153353113 −67
(1/2,7/8) −2183353233293 −163
(1/2,−7/8) −3 · 21853133413107317−16
and the change of variables
w → x4z + 5
2
x3z2 + 9
4
x2z3 + 1
2
xyz3 + 3
2
xz4 + 1
2
yz4 + 1
2
z5,
s → 2x5 + 7x4z + 35
4
x3z2 + x2 yz2 + 61
8
x2z3 + 2xyz3 + 41
8
xz4 + 5
8
yz4 + 7
4
z5,
u → xz4 + 3
4
z5.
In the end, we obtain the following aﬃne equation for X+ns(20),
y2 = (x+ 2)(x2 + 1)(4x3 + 4x2 + 3x+ 2). (5.3)
We ﬁnd the rational points of this curve using the elliptic curve Chabauty method as implemented
in MAGMA [3]. Its rational points are the two points at inﬁnity and the points (0,±2), (−2,0),
(−3/4,±25/32). Using Eqs. (3.1) or (3.2) we calculate the j-invariants of the corresponding ellip-
tic curves. We determine the discriminants d of the corresponding imaginary quadratic orders Rd of
class number one by using the table in [12, p. 192]. See Table 5.1. We recover all imaginary quadratic
orders of class number one with discriminant d in which 2 and 5 are inert.
Heegner [8, p. 249] showed that an equation of the modular curve X+ns(16) is given by
2y2 = x(x+ 1)4 − 8x3. (5.4)
Again using the elliptic curve Chabauty method as implemented in MAGMA [3], we ﬁnd that the point
at inﬁnity and the points (0,0), (1,±2), (−1,±2), (1/2,±7/8), (2,±7) are the only rational points of
this curve. Using the relations given in [8] we calculate the j-invariants of the corresponding elliptic
curves. Table 5.2 shows these data with the corresponding imaginary quadratic orders of class number
one with discriminant d. In these ﬁelds 2 is inert.
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The ap ’s of the elliptic curve E .
p 2 5 7 11 13 19 23 29 31 37
ap 0 0 0 0 −2 0 3 −3 0 5
p 41 43 47 53 59 61 67 71 73 79
ap 0 1 3 6 −3 −7 −8 0 0 −16
p 83 89 97 101 103 107 109 113 127 131
ap 0 0 7 10 −16 0 2 7 −16 7
p 137 139 149 151 157 163 167 173 179 181
ap −16 0 −6 −16 0 −16 −9 0 15 −16
This time there is a rational point that does not correspond to a CM elliptic curve. It is the point
(1/2,−7/8). It corresponds to an elliptic curve with j-invariant −3 ·21853133413107317−16. A Weier-
strass equation of an elliptic curve E with this j-invariant is
y2 + y = x3 − 3014658660x+ 150916472601529.
The discriminant of the equation of E is equal to −3517168813. Counting points modulo the primes
p of good reduction with p < 190, one ﬁnds that ap = p + 1− |E(Fp)| with ap as in Table 5.3.
We compute that the quadratic subﬁeld of Q(E[16]) that is the invariant ﬁeld of the non-split
Cartan subgroup of index 2 is the ﬁeld generated by the square root of the discriminant of E . It is
Q(
√−3 · 881). Half of the primes p, more precisely, the ones that are inert in Q(√−3 · 881), satisfy
ap ≡ 0 (mod 16). This reﬂects the fact that the Galois group acts on E[16] through the normalizer
of a non-split Cartan subgroup. In some sense, this elliptic curve behaves as if it admits complex
multiplication modulo 16.
An equation of the modular curve X+ns(7) is given in [7,9] as
j = 64 (u(u
2 + 7)(u2 − 7u + 14)(5u2 − 14u − 7))3
(u3 − 7u2 + 7u + 7)7 .
Here j, the usual j-function, is a uniformizer for X(1) and u is a uniformizer for X+ns(7) over Q. It
is well known that the equation of X+ns(3) is j = w3 (see [1]) where w is a uniformizer for X+ns(3)
over Q. Therefore u3 − 7u2 + 7u + 7 is a cube in the function ﬁeld of the modular curve X+ns(21). This
modular curve has genus 1. Using the methods in [6, p. 400] we ﬁnd a Weierstrass equation
y2 + y = x3 + 12 (5.5)
for this curve. The rank of its Mordell–Weil group is 1. The integral points on Y+ns(21) are the integral
points on Y+ns(7) for which j is a cube of nonzero integer. The integral points of Y+ns(7) are given in [9].
Hence we obtain Table 5.4. It gives the rational solutions of Weierstrass equation and j-invariants of
the corresponding elliptic curves and the discriminants d of the corresponding imaginary quadratic
orders of class number one in which 3 is unramiﬁed (see Remark 4.2) and 7 is inert.
This time there are two integral points which do not correspond to CM elliptic curves. A Weier-
strass equation for an elliptic curve E1 with j-invariant 291761932931493 is
y2 = x3 + x2 − 109790937967x+ 14002214345688831,
while an equation for an elliptic curve E2 with j-invariant 2611323314932693 is
y2 = x3 − x2 − 80346506203x+ 8765969098501127.
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The integral points of Y+ns(21).
Rational solution (x, y) of (5.5) j-invariant discriminant d
(2,4) 2633 −4
(−7/4,−25/8) 2653 −8
(14,−53) −215 −11
(0,−4) 2333113 −16
(0,3) −2183353 −43
point at ∞ −2153353113 −67
(2,−5) −2183353233293 −163
(14,52) 291761932931493
(−7/4,17/8) 2611323314932693
The discriminant of the equations of E1 and E2 are 261136313 and 295323773 respectively. Using
the techniques in [11] (especially Lemma 3, p. 296), we ﬁnd that the subﬁeld of Q(E1[21]) that is
ﬁxed by the non-split Cartan group of level 7 is Q(
√−11 · 631) while the subﬁeld of Q(E1[21]) that
is ﬁxed by the non-split Cartan group of level 3 is Q(
√−2 · 631). For E2 these subﬁelds are equal to
Q(
√−2 · 2377) and Q(√−5 · 2377) respectively.
6. Coset representatives in SL2(Z)
We denote the intersection of Cns(n) and C+ns(n) with the group SL2(Z/nZ) by C ′ns(n), C ′+ns (n) re-
spectively. Let Γns(n), Γ +ns (n) denote the subgroups of SL2(Z) whose elements are congruent modulo
n to an element in C ′ns(n), C ′+ns (n) respectively. In this section, we ﬁnd coset representatives of Γns(n)
and Γ +ns (n) in SL2(Z). In order to do this we use the following remark and determine coset represen-
tatives of C ′ns(n) and C ′+ns (n) in SL2(Z/nZ).
Remark 6.1. The reduction modulo n map induces a bijection between the set of Γns(n) (resp. Γ +ns (n))-
cosets in SL2(Z) and the set of C ′ns(n) (resp. C ′+ns (n))-cosets in SL2(Z/nZ).
Consider Notation 2.2 and recall that {1,α} is a Z-basis that we chose for the order R = Z[α]
where α is a zero of the irreducible monic polynomial X2 − uX + v ∈ Z[X]. We identify the group
C ′ns(n) with the group
{
My: y ∈ (Z/nZ)[α]× and N(y) = 1
}
,
where My is the multiplication by y map on (Z/nZ)[α] and N : (Z/nZ)[α] → Z/nZ is the norm map.
We have N(y) = yy. Here, for an element y = a + bα in (Z/nZ)[α] where a,b ∈ Z/nZ, the conjugate
y of y is equal to a + b(u − α) in (Z/nZ)[α]. For every a ∈ (Z/nZ)× choose ya ∈ (Z/nZ)[α]× with
N(ya) = a. We deﬁne the set
Y(n) = {ya: a ∈ (Z/nZ)×}. (6.1)
Proposition 6.2. The matrices which represent the linear maps that transform the basis {1,α} as
1 → y−1,
α → y(α + x),
where x ∈ Z/nZ and y ∈ Y(n), are coset representatives of C ′ns(n) in SL2(Z/nZ).
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[
SL2(Z/nZ) : C ′ns(n)
]= [GL2(Z/nZ) : Cns(n)]
and the order of Cns(n) is given in (2.1). Thus the number of cosets of C ′ns(n) in SL2(Z/nZ) is
n2
∏
p prime
p|n
(
1− 1
p
)
= nϕ(n).
Here ϕ is Euler’s ϕ-function. The cardinality of Y(n) is ϕ(n). By the identiﬁcation that we made above
for C ′ns(n), the maps in the proposition represent nϕ(n) different cosets. Indeed, suppose
1 → y−1 and 1 → y′−1,
α → y(α + x), α → y′(α + x′),
where x, x′ ∈ Z/nZ and y, y′ ∈ Y(n) are in the same coset. Then, N(y) = N(y′). Since y and y′ are in
Y(n), this implies that y = y′ and so x = x′ . Hence, the proposition follows. 
By Remark 6.1 the matrices in Proposition 6.2 lift to matrices in SL2(Z) that are coset representa-
tives for the group Γns(n) in SL2(Z). Next, we determine coset representatives for the group Γ +ns (n)
in SL2(Z). For computational purposes it is enough to do this when n is a prime power, say pr . We
identify the group C ′+ns (pr) with the group
{
My: y ∈
(
Z/prZ
)[α]× and N(y) = 1}∪ {My ◦ σp: y ∈ (Z/prZ)[α]× and N(y) = −1}, (6.2)
where My is the multiplication by y map and N is the norm map on (Z/prZ)[α]. The map σp is given
in (2.2). For every b ∈ (Z/prZ)×/±1 choose yb ∈ (Z/prZ)[α]× with N(yb) = b. We deﬁne the set
Y±
(
pr
)= {yb: b ∈ (Z/prZ)×/±1}. (6.3)
Proposition 6.3. The matrices which represent the linear maps that transform the basis {1,α} as
1 → y−1,
α → y(α + x),
where x ∈ Z/prZ and y ∈ Y±(pr), are coset representatives of C ′+ns (pr) in the group SL2(Z/prZ).
Proof. Since we have the equality
[
SL2
(
Z/prZ
) : C ′+ns (pr)]= [GL2(Z/prZ) : C+ns(pr)]
and we know the order of C+ns(pr) by (2.3), the number of cosets of C ′+ns (pr) in SL2(Z/prZ) is equal
to p
rϕ(pr)
2 . As we mentioned above, the matrices in C
′+
ns (p
r) either represent the linear maps that
transform the basis {1,α} as
1 → y,
α → yα,
2764 B. Baran / Journal of Number Theory 130 (2010) 2753–2772where y ∈ (Z/prZ)[α]× such that N(y) = 1 or they represent the linear maps that transform the basis
{1,α} as
1 → y,
α → yα,
where y ∈ (Z/prZ)[α]× such that N(y) = −1. Thus, we take as the coset representatives for C ′+ns (pr)
the matrices that are given in the proposition. The cardinality of Y±(pr) is ϕ(pr)/2. We have p
rϕ(pr)
2
different coset representatives. Indeed, suppose
1 → y−1 and 1 → y′−1,
α → y(α + x), α → y′(α + x′),
where x, x′ ∈ Z/prZ and y, y′ ∈ Y±(pr) are in the same coset. Then, N(y) = ±N(y′). Since y and y′
are in Y±(pr), this implies that y = y′ and so x = x′ . Hence, the proposition follows. 
By Remark 6.1 the matrices in Proposition 6.3 lift to matrices in SL2(Z) that are coset representa-
tives for the group Γ +ns (pr) in SL2(Z).
7. The genera of the modular curves Xns(n) and X
+
ns(n)
In this section, our aim is to prove Theorems 7.2 and 7.3.
Deﬁnition 7.1. For any positive integer n, we deﬁne the functions β2 and β3 as follows:
β2(n) :=
{
1 if p ≡ 3 (mod 4) for every prime p that divides n;
0 if not,
β3(n) :=
{
1 if p ≡ 2 (mod 3) for every prime p that divides n;
0 if not.
Theorem 7.2. Let n be a positive integer and ν be the number of its distinct prime divisors. The genus of the
modular curve Xns(n) associated to a non-split Cartan subgroup of level n is given by
1+ (n − 6)ϕ(n)
12
− β2(n)
4
2ν − β3(n)
3
2ν .
Theorem 7.3. Let n be a positive integer such that n ≡ 2 (mod 4) and let ν be the number of its distinct prime
divisors. The genus of the modular curve X+ns(n) associated to the normalizer of a non-split Cartan subgroup of
level n is given by
1+ (n − 6)ϕ(n)
2ν · 12 −
β3(n)
3
− n
2ν · 4
∏
p|n
⎧⎨
⎩
1− 1p if p ≡ 1 (mod 4);
1 if p = 2;
1+ 1p + 2pr if p ≡ 3 (mod 4).
Here pr denotes the exact power of p dividing n.
For large n both g(n) and g+(n) are O (n2). In the other direction, both n2/g(n) and n2/g+(n) are
O (n) for all  > 0. We prove the following lower bound for g+(n). It is suﬃcient for our purposes
(see Section 5).
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g+(n) > (n − 6)(
√
n − 6)
48
.
Proof. We estimate the terms of the formula for g+(n) of Theorem 7.3. Since the factors in the
rightmost product are at most 2, this term is at most n/4. It is actually at most n/8 when n is even.
In order to estimate the term involving the Euler ϕ-function, we observe that ϕ(n)
2ν
√
n
is a product of
factors of the form 12 (p − 1)p
r
2−1. Here p is a prime divisor of n and pr is the exact power of p
dividing n. Since r  1, the factor is at least 1 for p  7. It is at least 2/
√
5 for p = 5 and at least
1/
√
3 for p = 3. For p = 2 we have r  2 and therefore the factor is at least 1/2. It follows that
ϕ(n)/2ν  2
√
n/
√
15 when n is odd, while it is at least
√
n/
√
15 when n is even. Therefore
g+(n) 2
3
+ (n − 6)
√
n
6
√
15
− n
4
, for odd n,
 2
3
+ (n − 6)
√
n
12
√
15
− n
8
, for even n ≡ 2 (mod 4).
One easily checks that both expressions are greater than or equal to (n−6)(
√
n−6)
48 when n > 50. This
proves the corollary. 
By using the formulas in Theorems 7.2 and 7.3, and using Remark 3.3, we obtain Table A.1 in
Appendix A for the genera of the modular curves Xns(n) and X+ns(n) for n 70.
As we mentioned in Section 6, over C we can identify the curves Xns(n) and X+ns(n) with the
Riemann surfaces H∗/Γns(n) and H∗/Γ +ns (n) respectively. In general, let Γ be a congruence subgroup
of SL2(Z) of index μ. Let e2 and e3 denote the numbers of elliptic points of H∗/Γ of order 2 and
3 respectively. Furthermore, let e∞ be the number of cusps of H∗/Γ . By [13, Prop. 1.40], the genus
g(Γ ) of H∗/Γ is given by
g(Γ ) = 1+ μ
12
− e2
4
− e3
3
− e∞
2
. (7.1)
Let Γ be any subgroup of SL2(Z) which contains ±1. Consider the following commutative diagram
H∗
ϕ′
H∗
ϕ
H∗/Γ f H∗/SL2(Z) (7.2)
where the vertical maps and f are the natural projection maps. Choose z ∈ H∗ and let p = ϕ(z).
Choose q ∈ H∗/Γ such that f (q) = p and let w ∈ H∗ be any point with q = ϕ′(w). For every τ ∈ H∗ ,
we deﬁne the stabilizer subgroups of τ by
SL2(Z)τ =
{
γ ∈ SL2(Z): γ (τ ) = τ
}
and
Γτ =
{
γ ∈ Γ : γ (τ ) = τ}.
If τ ∈ H∗ is an elliptic point of Γ , then Γτ is a ﬁnite cyclic group (see [13, Prop. 1.16]).
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SL2(Z)/Γ then
r = [SL2(Z)z : σ−1Γ σ ∩ Γz].
Proof. This is [13, Prop. 1.37]. 
Remark 7.6. If z ∈ H∗ is an elliptic point of H∗/SL2(Z), then the stabilizer SL2(Z)z is of order 4
or 6. The order of an elliptic point z ∈ H∗/SL2(Z) is half the order of SL2(Z)z . The elliptic point of
H∗/SL2(Z) of order 2 (resp. 3) is the point i (resp. ρ = e2π i/3). Proposition 7.5 tells us that, if z is
an elliptic point of H∗/SL2(Z) of order 2 (resp. 3), the ramiﬁcation index of f at q is either 2 or 1
(resp. 3 or 1). The elliptic points of H∗/Γ of order 2 (resp. 3) are the points in f −1(i) (resp. f −1(ρ))
with ramiﬁcation index 1.
Now, we return to our situation. In our case, both Γns(n) and Γ +ns (n) contain ±1. In Section 6, we
saw that μ for Γns(n) is nϕ(n) while for Γ +ns (n) it is
nϕ(n)
2ν where ν is the number of prime divisors
of n. Thus, in order to ﬁnd g(Γns(n)) and g(Γ +ns (n)), we determine the numbers of elliptic points
of order 2, 3 and the numbers of cusps of the modular curves Xns(n) and X+ns(n). By considering
Xns(n) and X+ns(n) as moduli spaces, we see that for both curves e2, e3, e∞ are multiplicative func-
tions of n. For that reason, we determine them for Xns(pr) and Xns(pr) for any prime power pr in
Proposition 7.10. Then, Theorems 7.2 and 7.3 follow from this proposition.
Now we prove three lemmas which we will use in the proof of Proposition 7.10. Recall that {1,α}
is the Z-basis that we chose for a quadratic order R = Z[α] which deﬁnes non-split Cartan subgroup
in Notation 2.2.
Lemma 7.7. For a prime power pr , the system of equations
y(α + x) ≡ y−1k (mod pr),
−y(α + x) − y−1 ≡ y(α + x)k (mod pr)
in x ∈ Z/prZ, y ∈ Y(pr) (see (6.1)), and k ∈ (Z/prZ)[α]× with N(k) = 1 is solvable if and only if p ≡ 2
(mod 3). If it is solvable then it has precisely two solutions.
Proof. Suppose x, y and k satisfy the system of equations in the lemma. The ﬁrst equation says that
k ≡ N(y)α + N(y)x (mod pr). (7.3)
Since the coeﬃcient of α is a unit, we see that k is not contained in the subgroup (Z/prZ)× of
(Z/prZ)[α]× and likewise for k (mod ps) for any 1  s < r. Replacing y(α + x) with y−1k in the
second equation, we obtain
−y−1k − y−1 ≡ y−1k2 (mod pr),
which implies that
k2 + k + 1 ≡ 0 (mod pr). (7.4)
Thus k3 ≡ 1 (mod pr) and the order of k (mod p) divides 3. Since k (mod p) is not in the subgroup
(Z/pZ)× of (Z/pZ)[α]× , we must have p ≡ 2 (mod 3). Thus by Hensel’s lemma, (Z/prZ)[α]× contains
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Eq. (7.3) says that
N(y)α + N(y)x ≡ k or k−1 (mod pr).
Since {1,α} is a basis for (Z/prZ)[α], we obtain two unique solutions (x, y) where x ∈ Z/prZ and
y ∈ Y(pr). Hence, the lemma follows. 
Lemma 7.8. For a prime power pr , the system of equations
y(α + x) ≡ y−1k (mod pr),
−y−1 ≡ y(α + x)k (mod pr)
for x ∈ Z/prZ, y ∈ Y(pr) (see (6.1)), and k ∈ (Z/prZ)[α]× with N(k) = 1 is solvable if and only if p ≡ 3
(mod 4). If it is solvable then it has precisely two solutions.
Proof. Suppose x, y and k satisfy the system of equations in the lemma. Consider the ﬁrst equation.
Since N(y) ≡ 0 (mod p), we see that k is not contained in the subgroup (Z/prZ)× of (Z/prZ)[α]×
and likewise for k (mod ps) for any 1  s < r. Eliminating y(α + x) from the second equation and
dividing by y−1, we obtain
k2 ≡ −1 (mod pr). (7.5)
This implies that k4 ≡ 1 (mod pr), so the order of k (mod p) divides 4. Since k (mod p) is not in the
subgroup (Z/pZ)× of (Z/pZ)[α]× , we must have p ≡ 3 (mod 4). By Hensel’s lemma, Eq. (7.5) has two
solutions in (Z/prZ)[α]. This gives exactly two solutions for the system of equations in the lemma.
Hence, the lemma follows. 
Lemma 7.9. Consider the equation
y(α + x) ≡ y−1k (mod pr)
for x ∈ Z/prZ, y ∈ Y±(pr) (see (6.3)), and k ∈ (Z/prZ)[α]× with N(k) = −1, where pr is a prime power
different from 2. The number f (pr) of pairs (x, y) for which there exists k such that the congruence holds is
given by
f
(
pr
)=
⎧⎪⎨
⎪⎩
1
2 p
r(1− 1p ) if p ≡ 1 (mod 4);
1
2 p
r(1+ 1p ) if p ≡ 3 (mod 4);
2r−1 if p = 2.
Proof. Suppose we have x, y and k that solve the equation in the lemma. Taking the norm, we see
that
N(α + x) ≡ −N(y)−2 (mod pr).
The norm map
N : Y±
(
pr
)→ (Z/prZ)×/±1
is an isomorphism. Therefore, to prove the lemma, we count the number of x ∈ Z/prZ and v−1 ∈
(Z/prZ)×/±1 such that the equality
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holds. Let h = α+xv , so h ∈ (Z/prZ)[α]×/±1 with N(h) ≡ −1 (mod pr). We have to ﬁnd how many
such h’s exist. The norm map
N : (Z/prZ)[α]×/±1 → (Z/prZ)×
is surjective and its kernel has order 12 p
r−1(p+1). Therefore, the number of elements in (Z/prZ)[α]×
with norm −1 is 12 pr−1(p + 1). But the problem is that not every element of (Z/prZ)[α]×/±1 with
norm −1 has the form α+xv : we must exclude the elements whose α-coeﬃcients are divisible by p.
We count how many such elements exist with norm −1. Deﬁne the homomorphism
Θ = (N,Ψ ) : (Z/prZ)[α]×/±1 → (Z/prZ)× × ((Z/pZ)[α]×/F×p ),
where N is the norm map and Ψ is the composition of reduction mod p and the projection map.
Thus, the elements that we should exclude are the elements of the set
Θ−1
(
(−1,1))= {a ∈ (Z/prZ)[α]×/±1: N(a) ≡ −1 (mod pr) and a ∈ F×p (mod p)}.
The image of the map Θ is the set
B = {(b, c): b ≡ N(c).v2 (mod p) for some v ∈ F×p }.
The cardinality of B is 3ϕ(2r) when p = 2 and ϕ(pr)(p+1)/2 when p is an odd prime. Thus the order
of the kernel of Θ is 2r−2 when p = 2 and pr−1 otherwise. Therefore, if p = 2 then #Θ−1((−1,1)) is
equal to the order of the kernel of Θ , which is equal to 2r−2. If p ≡ 1 (mod 4) then #Θ−1((−1,1))
is equal to pr−1. If p ≡ 3 (mod 4), then (−1,1) is not in the image of Θ , and so #Θ−1((−1,1)) is
zero.
Subtracting Θ−1((−1,1)) from 12 pr−1(p + 1) gives the required formula for f (pr) in the
lemma. 
Now we can prove Proposition 7.10.
Proposition 7.10. Let pr be a prime power. The numbers e∞ , e2 , e3 for the curve Xns(pr) are given by
e∞ = ϕ
(
pr
)
, e3 =
{
2 if p ≡ 2 (mod 3);
0 otherwise
and e2 =
{
2 if p ≡ 3 (mod 4);
0 otherwise.
and for the curve X+ns(pr), for pr = 2, they are given by
e∞ = ϕ(p
r)
2
, e3 =
{
1 if p ≡ 2 (mod 3);
0 otherwise,
e2 =
⎧⎪⎨
⎪⎩
1
2 p
r(1− 1p ) if p ≡ 1 (mod 4);
1+ 12 pr(1+ 1p ) if p ≡ 3 (mod 4);
2r−1 if p = 2.
Proof. First, we determine the number of cusps e∞ of the curves Xns(pr) and X+ns(pr). Let c be a cusp
of Xns(pr). In other words, in the commutative diagram (7.2) with Γ = Γns(pr), we have f (c) = ∞.
We know that the stabilizer SL2(Z)∞ is generated by the matrix
( 1 1
0 1
)
. We will show that every matrix( 1 a) with a > 0 such that0 1
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1 a
0 1
)
∈ g−1Γns
(
pr
)
g (7.6)
for some coset representative g of Γns(pr) in SL2(Z) satisﬁes a ≡ 0 (mod pr). By Proposition 6.2 we
can view the coset representative matrix g modulo pr as a linear map which transforms the basis
{1,α} as
1 → y−1,
α → y(α + x),
where x ∈ Z/prZ and y ∈ Y(pr) (see (6.1)). As we mentioned in Section 6, we can also view the
matrices in Γ +ns (pr) modulo pr as multiplication by k maps on (Z/prZ)[α] for k ∈ (Z/prZ)[α]× with
N(k) = 1. Thus, by considering how the matrices in (7.6), viewed as linear maps, transform the basis
{1,α}, we obtain the system of equations
y−1 ≡ y−1k (mod pr),
y(α + x) + a ≡ y(α + x)k (mod pr) (7.7)
where x ∈ Z/prZ, y ∈ Y(pr), and k ∈ (Z/prZ)[α]× with N(k) = 1. It follows that k = 1, so
a ≡ 0 (mod pr).
Therefore, by Proposition 7.5 we see that each cusp of Xns(pr) has ramiﬁcation index pr . We know
from Section 3 that the degree of the covering map Xns(pr) → X(1) is prϕ(pr). Thus, the number of
cusps e∞ of Xns(pr) is ϕ(pr). A similar calculation for the curve X+ns(pr) shows that the ramiﬁcation
index of each cusp of X+ns(pr) is also pr . Since the degree of the covering map X+ns(pr) → X(1) is
prϕ(pr)
2 , the number of cusps e∞ of X
+
ns(p
r) is ϕ(p
r)
2 .
Next, we determine the number e3 of elliptic points of order 3 of the curve Xns(pr), and then
of the curve X+ns(pr). The elliptic points of order 3 of Xns(pr) are the points in the inverse image
f −1(ρ) with ramiﬁcation index 1 in the commutative diagram (7.2) with Γ = Γns(pr). Let z be an
elliptic point of order 3 of Xns(pr). The stabilizer SL2(Z)ρ of ρ in SL2(Z) is generated by the matrix( 0 −1
1 −1
)
. Proposition 7.5 implies that for every z ∈ f −1(ρ) with ramiﬁcation index 1 there exists σ ∈
SL2(Z)/Γns(pr) such that σ(ρ) = z and
SL2(Z)ρ ⊂ σ−1Γns
(
pr
)
σ .
Therefore, the number e3 for Xns(pr) is equal to the number of different coset representatives σ ∈
SL2(Z)/Γns(pr) for which the equality
σ
(
0 −1
1 −1
)
= γ σ (7.8)
holds for some γ ∈ Γns(pr). View the matrices σ , γ and
( 0 −1
1 −1
)
as linear maps. As we mentioned
in Section 6, the linear map γ modulo pr is Mk which is the multiplication map by an element
k of (Z/prZ)[α]× with N(k) = 1. By Proposition 6.2 we can view the coset representative matrix
σ ∈ SL2(Z)/Γns(pr) modulo pr as a linear map which transforms the basis {1,α} as
1 → y−1,
α → y(α + x)
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equality (7.8) transform the basis {1,α}, we get the system of equations
y(α + x) ≡ y−1k (mod pr),
−y(α + x) − y−1 ≡ y(α + x)k (mod pr)
for some x ∈ Z/prZ, y ∈ Y(pr), and k ∈ (Z/prZ)[α]× with N(k) = 1. Thus, to calculate e3 for Xns(pr),
we should know for how many (x, y)’s there exists a k so that this system of equations holds.
Lemma 7.7 gives us this number. Hence, e3 for Xns(pr) is
e3
(
pr
)= {2 if p ≡ 2 (mod 3);
0 otherwise.
Since the covering map from Xns(pr) to X+ns(pr) has degree 2 and is unramiﬁed over these points, we
obtain that e3 for X+ns(pr) is just half of this.
Finally, we determine the number e2 of elliptic points of order 2 of the curve X+ns(pr) and then of
the curve Xns(pr). The elliptic points of order 2 of X+ns(pr) are the points in the inverse image f −1(i)
with ramiﬁcation index 1 in the commutative diagram (7.2) for Γ = Γ +ns (pr). The stabilizer SL2(Z)i of
i in SL2(Z) is generated by the matrix
( 0 −1
1 0
)
. Thus, by Proposition 7.5 the number e2 for X+ns(pr) is
equal to the number of different coset representatives σ ∈ SL2(Z)/Γ +ns (pr) for which the equality
σ
(
0 −1
1 0
)
= γ σ
holds for some γ ∈ Γ +ns (pr). Again we consider the matrices in this equation as linear maps. We also
consider the way that they transform the basis {1,α} (see (6.2) and Proposition 6.3). We conclude
that, to calculate e2 for X+ns(pr), we should answer the following two questions:
1. For how many x ∈ Z/prZ and y ∈ Y±(pr) (see (6.3)) does there exist k ∈ (Z/prZ)[α]× with
N(k) = 1 such that the system of equations
y(α + x) ≡ y−1k (mod pr),
−y−1 ≡ y(α + x)k (mod pr) (7.9)
is solvable?
2. For how many x ∈ Z/prZ and y ∈ Y±(pr) does there exist k ∈ (Z/prZ)[α]× with N(k) = −1 such
that the system of equations
y(α + x) ≡ y−1k (mod pr),
−y−1 ≡ y(α + x)k (mod pr) (7.10)
is solvable?
Lemma 7.8 with y ∈ Y±(pr) answers the ﬁrst question. In the second question, since N(k) ≡
−1 (mod pr), the second equation is the conjugate of the ﬁrst one. Thus, Lemma 7.9 answers the
second question. Hence, e2 for X+ns(pr) is
e2
(
pr
)=
⎧⎪⎨
⎪⎩
1
2 p
r(1− 1p ) if p ≡ 1 (mod 4);
1+ 12 pr(1+ 1p ) if p ≡ 3 (mod 4);
2r−1 if p = 2.
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we did to calculate e2 for X+ns(pr). Lemma 7.8 gives the number of pairs (x, y) with x ∈ Z/prZ and
y ∈ Y(pr) for which there exists k ∈ (Z/prZ)[α]× with N(k) = 1 such that the system of Eqs. (7.9)
holds. Therefore, e2 for Xns(pr) is
e2
(
pr
)= {2 if p ≡ 3 (mod 4);
0 otherwise.
Hence, we proved the proposition. 
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Appendix A
Table A.1
The genera g , g+ and the number of cusps n, n+ of the modular curves Xns(n) and X+ns(n)
respectively.
level g g+ n n+ level g g+ n n+
1 0 0 1 1 36 31 5 12 3
2 0 0 1 1 37 94 43 36 18
3 0 0 2 1 38 49 8 18 9
4 0 0 2 1 39 67 13 24 6
5 0 0 4 2 40 45 10 16 4
6 1 0 2 1 41 117 54 40 20
7 1 0 6 3 42 37 1 12 3
8 1 0 4 2 43 130 60 42 21
9 2 0 6 3 44 63 13 20 5
10 1 0 4 2 45 79 17 24 6
11 4 1 10 5 46 73 13 22 11
12 3 0 4 1 47 157 73 46 23
13 8 3 12 6 48 57 9 16 4
14 5 0 6 3 49 151 69 42 21
15 7 1 8 2 50 73 14 20 10
16 7 2 8 4 51 121 25 32 8
17 15 6 16 8 52 93 21 24 6
18 7 0 6 3 53 204 96 52 26
19 20 8 18 9 54 73 12 218 9
20 9 2 8 2 55 163 38 40 10
21 15 1 12 3 56 101 21 24 6
22 13 1 10 5 57 153 31 36 9
23 31 13 22 11 58 121 24 28 14
24 13 1 8 2 59 256 121 58 29
25 32 14 20 10 60 73 7 16 2
26 21 3 12 6 61 276 131 60 30
27 32 12 18 9 62 141 28 30 15
28 23 4 12 3 63 171 35 36 9
29 54 24 28 14 64 155 70 32 16
30 17 1 8 2 65 237 57 48 12
31 63 28 30 15 66 101 7 20 5
32 35 14 16 8 67 336 160 66 33
33 45 7 20 5 68 165 38 32 8
34 37 6 16 8 69 231 49 44 11
35 59 13 24 6 70 129 13 24 6
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